On Compact and Fredholm Operators over 
C*-algebras and a New Topology in the Space of 
Compact Operators 

Anwar A. Irmatov and Alexandr S. Mishchenko 
27th April 2005 

Abstract 

It is shown that the class of Fredholm operators over an arbitrary 
unital C* -algebra, which may not admit adjoint ones, can be extended 
in such a way that this class of compact operators, used in the definition 
of the class of Fredholm operators, contains compact operators both with 
and without existence of adjoint ones. The main property of this new 
class is that a Fredholm operator which may not admit an adjoint one 
has a decomposition into a direct sum of an isomorphism and a finitely 
generated operator. 

In the space of compact operators in the Hilbert space a new IM- 
topology is defined. In the case when the C*-algebra is a commutative 
algebra of continuous functions on a compact space the IM-topology fully 
describe the set of compact operators over the C*-algebra without as- 
sumption of existence bounded adjoint operators over the algebra. 

1 Introduction 

In the paper [2] M. Atiyah and G. Segal have considered families of Fredholm 
operators parametrized by points of a compact space K which are continuous 
in a topology weaker than the uniform topology, i.e. the norm topology in the 
space of bounded operators B(H) in a Banach space H . 

Therefore, it is interesting to ascertain whether the conditions, characterized 
families of Fredholm operators, from the paper [2| precisely describe the families 
of Fredholm operators which forms a Fredholm operator over the C* -algebra 
A = C(K) of all continuous functions on K. 

It is not supposed by the authors of the paper |2] that an operator over 
algebra A admits the adjoint one or in their terms continuity of the adjoint 
family. 

The aim of this paper is a fully clarification in the question of description of 
the class of Fredholm operators which in general case do not admit the adjoint 
operator. For the first time, operators which play the role of Fredholm operators 
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and may not have the adjoint ones were considered in the paper Since the 
main class of operators considered in the paper is the class of pseudodiffcr- 
ential operators, for any element of which the adjoint operator automatically is 
a bounded one, then existence of the adjoint operator was not the actual ques- 
tion for the main goals of this paper. However, in the paper [2] authors have 
considered operators, which may not have the adjoint one, in the form of fam- 
ilies of operators continuous in the compact-open topology the adjoint families 
of which, in general case, may not be a continuous one. In the present paper 
we show that the class of Fredholm operators over arbitrary C* -algebra, which 
may not admit the adjoint ones, can be extended in a such way that the class 
of compact operators used in the definition of the class of Fredholm operators 
contains compact operators both with and without existence the adjoint ones. 

In the case when the C* -algebra is a commutative algebra of continuous 
functions on a compact space appropriate topologies in the classic spaces of 
Fredholm and compact operators in the Hilbert space are constructed which 
fully describe the sets of Fredholm and compact operators over the C* -algebra 
without assumption of existence bounded adjoint operators over the algebra. A 
comparison with the class of operators considered in the paper [2] is given and 
it is shown that the class of operators from the present paper strictly includes 
the class of operators from the paper [S]. 



2 A Notion of Compact Operator over C*— algebra 

Let A be a unital C*-algebra. We shall consider so called Hilbert C*-modulcs 
over the algebra A. The simplest Hilbert modules are the free finitely generated 
A-modules 

A n = a ® a e • • • e a 

V v ' 

n times 

and the A- module 1% (A) — A u . All such modules have a convenient description. 
Any clement X of a module A a , a £ [l-.u>] is a sequence x = {x\, x%, . . . , Xk, ■ ■ ■ }, 
Xk £ A, 1 < k < 1 + a, such that the sum 

a 

(x, x) = ^2 x k x% £ A (1) 
fc=i 

converges in the algebra A. It is clear that if a < u> then the sum automati- 
cally converges. The elements e k £ A a , e k — 6j form a free basis in the module 
A a both for finite a and for infinite a, in the sense that any element x £ A a 
can be represented as a converged sum 

OL 

z = 5> fe e fc . (2) 
fc=i 

In general, a Hilbert C*-module M is a Banach space. We say that C*- 
module M is a finitely generated C* -module if M is a finitely generated C*- 
module in the algebraic sense. In other words, there exists a free C*-module 
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A n , n < lo, and an algebraic epimorphism 

/ : A n — >M — >0. (3) 

It is easily verified that the epimorphism / is a bounded map. Indeed, if x € A n , 
x = {xk} then 



£a*/(e fc ) , £si/(e 



(4) 



\m\\ 2 = \\(f(x)j(x))\\ 



= \\EM(e k )J(ei))x*) || < ||E||</(e fc ),/(e^))|| • (x k x*) \\ < 
< E \\(f(e h ),f(e j ))\\ • ||^*|| < E ll(/(e fe ),/(^))|| • IM • H|| < 

k,j k,j 

<EIK/(e fc ),/(^))||. |N a <n 2 C|N| a , 

k,j 

where 

C = max||(/(e fc ),/(e^"))||. (5) 

A Hilbert C* -module is called a projective finitely generated C* -module if 
it is isomorphic to a direct summand of a finite free C* -module L n (A) = A n . 

Theorem 1 [7](Theorem 1.1, p. 69.) Let M — be a finitely generated Hilbert 
A-module. Then M is a projective A-module, i.e. M is isomorphic to a direct 
summand of a finite free A-module L n (A). 

So, we can give the following definition 

Definition 1 Let End (12(A)) be a Banach algebra of all bounded A-operators 
of a Hilbert A-module 12(A). An A-operator K : h(A) — >h(A) is called a 
finitely generated A-operator if it can be represented as a composition of bounded 
A-operators f\ and f2-' 

K : l 2 (A)^M^l 2 (A), 

where M — is a finitely generated Hilbert C* -module. The set TQ(A) C 
End (12(A)) of all finitely generated A-operators forms a two side ideal. By 
definition, an A-operator K is called a compact if it belongs to the closure 
JC(l2(A)) = TQ(A) C End (12(A)), which also forms two side ideal. 

In general, the set TQ(A) C End (1 2 {A)) is not closed subset. For example, 
in classical case, when A = C, the set TQ(A) consists of all finite dimensional 
operators, while not all compact operators are finite dimensional. 

Lemma 1 The ideal }C(l2(A)) is a proper ideal. 
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Proof. It is sufficient to prove that the identity operator id 6 End (12(A)) 
does not belong to K(h(A)). Or, to prove that the distance (in the sense 
of the operator norm) between this operator and the set TQ(A) is a positive 
number. In other words, it is sufficient to prove that any finitely generated 
A-operator is not invertible. Indeed, if a finitely generated A-operator K : 
h(A) — ^M— ^^(A) is an invertible A-operator then that means that the A- 
operator f2 is an epimorphism. Since C*-module M is a finitely generated 
C*-module then there exists an epimorphism p : L n (A) — >M. Then the A— 
operator /2 o p : L n (A) — >h(A) is an epimorphism. But this is impossible. 

I 

Let h{A) = (L n (A)) © L n (A) be an orthogonal decomposition which is 
given by a pair of projectors 

p n ,q n : l 2 (A) — >l 2 {A),p n + q n = id,Imp„ = L n (A). (6) 

Any A-operator / : 12(A) — >fo(A) forms a matrix composed from the bounded 
operators 

f = ( n J f q a l iHl 71 ) : ® L n (A)^ (L n (A)) ± ffi L n (A). (7) 

Theorem 2 A bounded A-operator K : fo(A) — >h(A) is a compact A-operator 
iff for any e > there exists a number N such that for any m > N we have 

\\q m K\\ < e. (8) 

Proof. Let us assume that the property (JSJ) holds. Let K m = p m K. Since 

K m : l 2 (A) fl ^ K L m (A) f -^l 2 (A) (9) 

then the operator K m is a finitely generated A-operator, i.e. K m G TQ(A). 
Since for any e > there exists a natural number N such that for any m > N 

\\K-K m \\ = \\K- Pm K\\ = \\q m K\\ <£, 

then K G J-Q(A), i.e. the operator K is a compact ^-operator. 

Inverse, Let K be a compact A-operator. It follows from the definition ^ 
that there exists a finitely generated A-operator K' S TQ (A) such that 

\\K-K'\\< £ -. (10) 

The finitely generated A-operator K' can be represented as a composition 

K' : l 2 (A)^M^l 2 (A), (11) 

in which, without loss of generality, we can assume that M = L n (A) with the 
basis ei, e2, . . . , e n . In the other words, the operator f\ can be described as 
linear combination of bounded functionals 

n 

fi(x)=Y,e^{x), \\<Pi\\<C. (12) 
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Correspondingly, the operator / 2 is given by a set of vectors yj = f2(ej) £ h{A). 
Thus, the operator K' can be represented by the formula 

a 

K'{x) = Y d y^^)- (13) 

3=1 

Under the formula (|10|l the operator K' has the following matrix form: 

Rl= ( q m K'q m q m K'p m \ , ± L m (A) > (^(i)) 1 © L m (A). 

y p m K'q m p m K'p m J 

(14) 



We have: 



q m K'{x) = ^2 ImiViW (%) ■ (15) 



Then 



hmK'(x)\\ < || E 9m(%V (x) || < 

(16) 

< E lk™(%)ll • Mil • IN- 

Since the number of vectors yj is finite then there exists a number N such that 
for any m > N \\q m (yj)\\ < 2nC' Then for any m > N we have 

||g m A"(a:)||<|N|, (17) 

i.e. ||g m if' || < |. Taking in account the inequality (|10(l we obtain the desired 
inequality 

\\q m K\\ < e. (18) 



Corollary 1 Let K : hiA) — >h{A) be a compact A-operator. Then for any 
e > there exists a number N such that for any m > N we have 

\\q m Kq m \\ < £• (19) 

Proof. We are interested in the operator q m K'q m from the formula 114|) . 
We have: 

n 

q m K'q m (x) = ^ ImiVj)^ (SmO^)) ■ ( 20 ) 
i=l 

Then 

n 

\\q m K'q m (x)\\ < || E QmiVj)^ (q m (x)) \\ < 

^ . (21) 

< E \\qm(yj)\\ ■ ll^ll • Ikmll • INI- 

3=1 
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Since the number of vectors yj is finite then there exists a number N such that 
for any m > N \\q m (yj)\\ < inC?' Then for any m> N we have 

\\q m K'q m (x)\\<^\\x\\, (22) 

i.e. ||<Zm^'9m|| < f ■ Taking in account the inequality l|l(J|l we obtain the desired 
inequality 

\\q m Kq m \\<e. (23) 

I 

3 Fredholm Operators over C*-algebra 

Definition 2 A bounded A-operator F : l 2 (A) — >h(A) is called a Fredholm 
A-operator if there exists a bounded A-operator G : h(A) — >h(A) such that 

id- FG e IC(l 2 (A)), id - GF e K,(l 2 (A)). (24) 

Definition 3 We say that a bounded A-operator F : l' 2 (A) — ^{A) admits an 
inner (Noether) decomposition if there is a decomposition of the preimage and 
the image 

1' 2 (A) = Mi © JVi , 1' 2 ' (A)=M 2 ®N 2 , (25) 

where C* -modules N\ and N 2 are finitely generated Hilbert C* -modules, and if 
F has the following matrix form 

F=( F q pi ) : Mi © N X ^M 2 © N 2 , (26) 
where F± : Mi >M 2 is an isomorphism. 

Definition 4 We put by definition index F — [N 2 ] — [JVx] G K(A). 

Definition 5 We say that a bounded A-operator F : 1' 2 {A) — >l 2 (A) admits an 
external (Noether) decomposition if there exist finitely generated C* -modules Xi 
and X 2 and bounded A-operators E 2 , E% such that the matrix operator 

F °=(e 3 f)-- UA) © X!—>%(A) © X 2 (27) 
is an invertible operator. 

Definition 6 We put by definition index F = [Xi] — [X 2 ] G K(A). 

Theorem 3 A bounded A-operator F : l 2 (A) — *1 2 {A) admits an external (Noether) 
decomposition iff it admits an inner (Noether) decomposition. 



6 



Proof. If we have an inner (Noether) decomposition (|26l) then we can construct 
an external decomposition by an A-operator Fq which has the following matrix 
form 



F 1 F 2 
F 4 id 
id 



Mi © Ni © N 2 — >M 2 © N 2 © iVi 



(28) 



It is obvious that the operator Fq is an invertible ^-operator. 

Now, let an external decomposition (|27|l is given. Then the operator E 3 : 
l' 2 (A) — >X 2 is an epimorphism. Since the module X 2 is a projective C*-module 
then there exists a decomposition 

l' 2 (A)=M 1 ®N 1 , Mi=Ker£3, E' 3 = (E 3 ) {Nl : N x » X 2 . (29) 

Analogously, let the inverted operator Go = -F _1 has the following matrix 
form 

G G 2 



Gn — 



G 3 Ga 



q(A)®X 2 — >l' 2 {A)®Xi 



(30) 



The condition Go = F 1 can be rewrited as F Gq — id^'^A)mx 2 ): Go-Fb 
idr/'i 



1 (ij,(A)ex 1 )j which have the following matrix forms 
-FoGo = 



i* 1 _E 2 
£3 



G G 2 
G3 G4 



GqFq 



G G 2 
G3 G4 



E 3 



id 

id 

id 

id 



(31) 
(32) 



The conditions l|31|) . i|32|l can be rewrited as 



id = 


= FG + 


E 2 G 3 


my 


-^q(A) 


= 


FG 2 + 


E 2 Gi 


x 2 — 






= 


= E 3 G 




-^x 2 - 




id = 


E 3 G 2 


x 2 — 


>X 2 ; 


id = 


= GF + 


G 2 E 3 


m> 






= 


= GE 2 


x 1 — 




= 


G 3 F + 


G4S3 








id = 


G 3 E 2 


X! — 





(33) 



In particular, the operator G3 : 1 2 {A)- 
there exists a decomposition 



»Xj is also an epimorphism. Hence, 



l$(A) = M 2 © N 2 , M 2 = Ker G 3 , G 3 = (G 



3 ; |iv 2 



Then the operator Fq has the following matrix form 

Mi © Ni © Xi — >M 2 © N 2 



F\ F 2 
F 4 



E' 3 



X 2 



(34) 



(35) 
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Indeed, if x £ Mi then E 3 (x) = 0. Hence, G 3 F{x) = 0, i.e. F(x) £ 
Ker G 3 = M 2 , and F (x) £ M 2 . Eye M 2 then G 3 {y) = 0, and E 3 G{y) = 0, 
i.e. G(y) £ M\. Moreover, if x £ Mi then x = GF(x), and for y £ M 2 we 
have y = FG(y). Hence, the operator F\ is an invertible A-operator. Since the 
operators E' 3 and G 3 are invertible A-operators then the modules Ni and N 2 
are finitely generated Hilbert C* -modules. g 

Corollary 2 The index constructed by inner or external decomposition does not 
depend on the method of decomposition. 

Theorem 4 Let K : 1 2 {A) — ^ 2 {A) — be a compact operator in the sense of 
definition^] Then the operator id+K admits an inner (Noether) decomposition. 

Proof. Under the formula J7J) any operator / : l 2 (A) — >l 2 (A) has the following 
matrix form: 

/ = ( TIT ) ■ © L n {A)^ (L n (A)) x ffi L n (A). (36) 

\ PnJ Hn PnJ Pn J 

Due to the corollary ^ we can find a natural number N such that for any 

m> N 

\\q m Kq m \\ < 1. (37) 
The operator F = id + K can be represented in the following matrix form 



F = 



^ : (Lm(^)) 1 © L m (A) — > (L m (A)) ± © L m (A), (38) 



where the operator Fi has the form Fi = id+q m Kq m , and hence, is an invertible 
A-operator. The invertibility of the operator F\ allows to represent the matrix 
(|38(l in the following form 

F\ F 2 
F 3 Fi 

(39) 

id \ / Fx \ / id Ff x F 2 

F 3 F^0 id ) ' \ F 4 - F 3 Fi 1 F 2 J ' \ id 

This proves the theorem. g 

Theorem 5 Any Fredholm operator in the sense of definition^ admits both the 
inner and external (Noether) decomposition. 

Proof. Let operators F : 1' 2 {A) — >1 2 {A), G : l 2 (A) — >1' 2 {A) are chosen such 
that 

K' = id- FG eK(l 2 {A)), K" = id — GF £ JC(l 2 (A)). (40) 
In accordance with the theorem E| there exist decompositions 

^(A)=Afi©JVi, M 1 = Imp 1 , Ni =Im (id-pi), .. . 

1' 2 {A)=M 2 ®N 2 , M 2 =Imp 2 , N 2 = Im (id -p 2 ), 1 ' 
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such that the modules N± and N 2 are finitely generated C*-modules, and the 
matrix of the operator id — K" has a diagonal form 

id -K" = GF=^ K Q 1 ^ ^: Mi © iV 1 -^4'(A)-^M 2 © N 2 , (42) 

where the operator K\ is invertible. Let us consider the operator 

P : P(x) = FK^p 2 G(x). (43) 

We have 

PP{x) = FK^p 2 G ■ FK^p 2 G{x) = FK^ 1 p 2 K 1 K^ 1 p 2 G{x) = 
= FK^p 2 p 2 G(x) = FK^p 2 G(x) = P{x), 



(44) 



i.e. the operator P is a projector. This means that the module l 2 (A) can be 
decomposed in direct sum 

l' 2 \A) ^ImFffl Ker P = M 3 © N 3 , (45) 

and in the decomposition l|45|l the operator F has the following matrix form 

F=( F q F * J : Mi © iV 2 ^M 3 © N a , (46) 



4 



where the operator F\ is an isomorphism. 

Now it is necessary to prove that the module -/V 3 is a finitely generated C*— 
module. For, by the theorem0]the operator K' = id— FG in the decompositions 



V&A) = M A © N 4 , 
l({A) =M 5 ®N 5 



(47) 



has the following matrix form 

id - K' = FG : y K Q 3 ^ ^ : M 4 © N 4 -^M 5 © N 5 , (48) 
where the operator K3 is an isomorphism. In particular, the operator 

A= ( K K A id ) : Ah ® Na ® N ^ M 5 ® (49) 

is an epimorphism. It is convenient to represent this operator in the following 
matrix form 

A = ( FG , a) : l' 2 \A) © N 5 — >l' 2 \A). (50) 
We can represent the operator A as composition 



A= F 



) ( id ) : l ' i{A) ® N ^UA) © tf B — (51) 
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Hence, the operator 

B=(F , a):l' 2 (A)® N S -^Q(A) (52) 

also is an epimorphism. 

By (I46|l the operator B has the following matrix form 

B=(^ F q * a ^ ) : Ml ® N2 ® N *-^ M 3 © N 3- (53) 
Hence the operator 

D = ( F 4 , a 2 ) : N 2 N 5 ^N 3 . (54) 

is an epimorphism. This means that the module N% is a finitely generated 
C*-module. g 

Corollary 3 Let K : h{A) — — be a compact operator in the sense of 
definition^] and F : h(A) — >l2(A) be a Fredholm A~operator in the sense of 
definition^ Then the operator F + K is a Fredholm A-operator in the sense 
of definition^ and admits an inner (Noether) decomposition. 

4 Fredholm and Compact Operators over Commu- 
tative C*— algebras 

Let A = C(X) be an algebra of continuous functions on a compact Hausdorff 
space X. We can identify the Hilbert yl-module lz(A) with the set [X,H] of 
all continuous maps from the space X into the Hilbert space H . Denote the set 
of all maps from the space X into the space of bounded linear operators 13(H), 
continuous in the strong topology, by [X, B(H) S ]. We denote by £ the map 

£ : [X,B{H) S ] -» End A {l 2 {A)) (55) 

defined by the formula 

(£(T)(<p))(x)=T(x)<p(x), (56) 

where T £ [X, B(H) S ] is fixed, x £ X, and ip £ h{A) — [X, H] are arbitrary, 
and denote by T> the map 

V : End A (l 2 (A)) -> [X, B(H) S ] (57) 

defined be the formula 

(D(B)(x))(a) = 0M(x), (58) 

where B £ End A (l 2 (A)) and the map ip £ [X, H] is chosen so that f{x) = a, 
a £ H. 
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It was shown in the paper |3] that the definitions JSSJ-lJSS} are correct, the 
maps £ and T> are ^-isomorphisms and 

£V = \dEnd A (i 2 (A)) T>£ = id[x,B(H) s ]- (59) 

Further, it was shown ibidem that each invertible .A-operator S <E GLfaiA)) 
under the map T> can be represented as a family of invertible operators S x G 
GL(H) S continuous in the strong topology such that sup^jj H-Sj 1 !) < oo, and, 
conversely, each family of invertible operators S x G GL(H) S continuous in the 
strong topology such that sup,j, gX HS 1 ^ 1 !! < oo is mapped by £ into an invertible 
.A-operator. 

In the paper @| the F-topology was introduced in the space of Fredhohn 
operators F(H). 

Definition 7 4 The following sets form a subbase of the F-topology 
U s>au ..., an ,A = {B G F(H) I \\{B-A)a t \\ <e Vi = l,...,n}, 

U e ,v,A = {B G T{H) | 3R G GL{H), R{V) C V, such that \\RB - A\\ < s} . 

Here V denotes a finite dimensional subspace of the Hilbert space H and a\, . . . , a n € 
H. 

Let / : [0, 1] — > T(H) F be any continuous map in the -F-topology. Then, 
index f(x) = const. On the other hand, there exists a map / : [0, 1] — > T(H) S 
continuous in the strong topology such that index /(0) ^ index /(l) (see 0]), 
so the -F-topology is strictly stronger than the strong topology in the space of 
Fredhohn operators. 

Let F G Endj\(l2(A)) be any Fredholm ,4-operator. Then for any x E X 
(X>(F))(x) G T{H) and the map V(F) : X -> T(H) S is continuous in the strong 
topology. It was shown in 0] that the map 

V{F) : X -» T{H) F T{H) S C B{H) S 

is continuous in the F-topology and vice versa if a map / : X — * T(H) F 
is continuous in the F-topology then the *A-operator £(f) is a Fredholm A- 
operator. Thus, the map 

V\hi*(A)) ■■ HUA)) -> [X,T{H)% (60) 

where F(l2{A)) is the space of Fredholm operators over the algebra A and 
[X, T{H) F ] is the set of continuous maps from the space X into the space of 
Fredholm operators !F(H) F , with the F-topology, is an isomorphism. 

Denote by U(H) S the space of unitary operators in H with the strong topol- 
ogy. Due to the formula 

Uix)- 1 - Uixo)- 1 = Uix)- 1 (U(x ) - U(x)) U(x Q y\ (61) 

we can assert that if a map U : X — > U(H) S is continuous in the strong topology 
then the map U^ 1 : X — > U{H) S is also continuous in the strong topology. 
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Theorem 6 Let X be a compact Hausdorff space and maps U : X — ► U(H) S , 
F : X — ► T(H) F are continuous in the strong topology and F '-topology, respec- 
tively. Then the map UFU^ 1 : X — > T(H) S C B{H) S , given by the formula 
UFU~ 1 (x) = U(x)F(x)U^ 1 (x), is continuous in the F -topology: 

UFU- 1 : X -> T(H) F T(H) S C B(H) S . 

Proof. Since the .4-operators £ (U), £ (U^ 1 ) are unitary .A-operators, and 
£{F) is Fredholm ^-operator then the operator £ (UFIJ- 1 ) = £{U)£(F)£ (C/- 1 ) 
is Fredholm .A-operator. Hence, by the isomorphism (|6(J[I the map UFU^ 1 = 
T>£ (UFU -1 ) is continuous in the F-topology. g 

Let us consider the set of compact A-operators /C(^(A)). In the paper 
|H] has been considered the following class of compact operators K* (fo(A)). By 
dehnition (see [H]) an „4-operator K : h(A) — > h(A) belongs to the set JC* (12(A)) 
iff 

lim \\Kq n \\ = 0, (62) 

n — >oo 

where the operator q n is defined by the formula ffijl. It was shown in ([§], Prop. 
2.2.1.) that the set K* (12(A)) coincides with the closure of the set of linear 
combinations of elementary operators x , y (z) :— x < y,z >, where x,y,z € 
h(A). Hence, any K £ JC* (12(A)) automatically admits the adjoint operator. 
On the other hand, our notion of compact „4-operator does not demand existing 
of adjoint operator unlike that was assumed in many papers on ifi^-theory 
and so we shall distinguish the set K(l 2 (A)) of all compact „4-operators and 
the subset fC*(h(A)) C JC(l2(A)) of compact A-operators which admit adjoint 
operator. 

Theorem 7 0] A compact A-operator K admits adjoint operator, i.e. K G 
K* (12(A)), iff the map 

V(K) : X -» JC(H) U JC(H) S C B(H) S 

is continuous in the uniform topology. 

The following example shows that there exists a self-adjoint family of com- 
pact operators continuous in the strong topology such that the corresponding 
A-operator does not belong to the set tC(l 2 (A)). 

Example. Let X = {0} U U^illl C R. We define the map K : X -> K(H) 
by the following formula 

K (jj (0 - K(0) = 0, (63) 

where £ = (£,1, £2, ■ ■ ■) is an element of the standard Hilbert space. Then 
K(\) (0 -> as i -> 00 for every t; € H. But £(K) i tC(l 2 (A)). Indeed, 
if we suppose the contrary then by the theorem 0] the operator id + £ (K) is a 
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Frcdholm .A-operator. Due to the isomorphism (|6L)[1 the map T)(id + £(K)) = 
id + K : X — ► T(H) F is continuous in the F-topology. But for any invertible 
operator S we have 



S I id + K I \ ) ) - id 



5 (id + K(jX\ -(id + Jf(0)) > 

That means that the map id + K : X — > T(H) F is not continuous in the 
F-topology. | 

Thus, the example poses the problem of finding a topology in the space of 
compact operators IC(H) such that any family continuous in this topology forms 
a compact .4-operator, and vice versa, any compact ,4-operator maps by the 
map I? to a family of compact operators continuous in the sought topology. 

We define a new IM-topology in the space of compact operators IC(H) in 
the following way. Let 

U e , ai ,..., an ,K = {B G K(H) I \\(B-K) ai \\ <e Vi = l,...,n}, 

U e , n ,s,K = {Be JC(H) | 3R G Gi(if), suc/i tfiat 

||fl(S + Q n B)- (5 + Q n #) || <£}, 

where e > 0, S G GL(H), and Q n : H = (in)" 1 L„ — ► (in) 1 " C i? is the 
orthogonal projection along the subspace L„ spanned by the first n orthonormal 
basis vectors ei, . . . , e n . 

Definition 8 As a subbase of the I M -topology we take the following sets 

oo 

U s ,ai,...,a n ,K and U £:S ,K '■= Pi U £ ^ ni s,K- 

Remark 1 It follows from the definition of I M -topology that the identity map 
JC(H) IM IC(H) S c B{H) S 



from the space of compact operators with the IM-topology to the same space 
with the strong topology is continuous. Since any sets U e . ai ,....a n .K and U St s,K 
contain the ball B(K,e) = {Z G JC(H)\ \\Z — K\\ < e}, then the map 

JC(H) U ^ )C(H) IM 

from the space of compact operators with the norm topology to the same space 
with the I M -topology is continuous. 

Theorem 8 An A-operator K is compact operator, i.e. K G K,(l2(A)), iff the 
map 

V{K) : X -> IC(H) IM ^ K.(H) S C B(H) S 
is continuous in the IM-topology. 
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Proof. Let K £ K,(l2(A)). We have to prove that the map T>(K) is continuous 
map from X to K>(H) with the IM-topology. For, it is sufficient to show that for 
any e > 0, for any S £ GL(H), and for any xq £ X there exists a neighbourhood 
U Xa C X, xq £ U XQ such that for any n > 

V{K) (U Xo ) C U e . n ^,v(K)( X0 )- (64) 

Let = J-Jn A ® ^n,A be an orthogonal decomposition which is given 

by a pair of projectors p n , q n , p n + q n = id, Imp„ = L„ :A , Im q n = L^ l A , 
V{q n )(x) = Q n - 

Let s : X — > GL(H) be a constant map, s(a;) = S € GL(H), and S* = £(s) G 
GL(„4), i.e. V(S){x) = S £ GL(H). 

Let us choose n £ N such that for all m > n the .A-operator G m = S + q m K 
is invert ible, i.e. 

G m = S + q m K £ GL(l 2 (A)). (65) 
Then for any x £ X we have 

id = V{G7 m 1 G m ){x) = P(G m 1 )(a;)(5 + Q m V{K)(x)). 

If we put R := T>(G m )(x )T>(G^)(x) £ GL(H) then for any x £ X and m > n 
we have 

\\V(G m )(x )V{G^){x) (S + Q m V(K)(x)) - (S + Q m V{K){x )) \\ = 0. 
The last equality means that Wx £ X, Vm > n, and Ve > 

V{K){x) £ U e 

Since if is a compact .A-operator then by the corollary |3 for any Fredholm 
^4-operator F the operator F+qiK is a Fredholm A-operator. In particular, the 
operator S + qiK is a Fredholm „4-operator for all 2 > 0. By the isomorphism 
(jHOl), the maps V(S + qiK) : X -> T{H) F , V(S + qiK){x) = S+ Q{D(K){x), 
I = l,...,n, are continuous in the f-topology. Hence, for any fixed finite 
dimensional subspace Vi C H, I = 1, . . . , n, there exists a neighbourhood U l XQ C 
X such that for any x £ U l 

V{S + qiK)(x) £ Ue^s+QtViKXxo), 

where U £ y l g + Q l x}(K)(x ) i s an open set in _F-topology. This means that 3R £ 
GL(H), R(Vi) C V h such that 

\\R(S + QiV{K){x)) -(S + Q{D{K){x )) \\ < e, 

i.e. 

V(K)(x) £ U £ j^ v{K)(xo) . 
Then, if we put U Xo := HlLi U x „ we obtain the necessary condition l|64|). This 

proves that the map V(K) : X -> JC{H) IM ^ tC{H) s C B(iT) s is continuous 
in the JM-topology. 
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To prove the inverse assertion of the theorem let us suppose the contrary. 
This means that there exists a continuous map C : X — > K(H) such that the 
operator 8 (C) is not a compact .4-operator, i.e. £{C) ^ /C(Z 2 (-4)). Due to the 
theorem [5] there exist a number c\ > and an increasing sequence of natural 
numbers {n^jigN such that 

||g ni f(C)|| > Cl . (66) 

Since 

\\q ni S(C)\\ = sup || Q ni C(x) ||, (67) 
then there exist an element i, e X and a vector ?/ S H, \\v l \\ = 1, such that 

WQnfiiXi)^ >ci. (68) 

Let 

Co := y a"-rf £o := min ^c , jlgT^ 1 ■ ( 69 ) 

Since the map C is continuous in the JM-topology which is stronger than the 
strong topology then we can conclude that ||£(C)|| < oo and Eq > 0. 

We assert that we can choose from the sequence {a^jigN a subsequence 
{j/i}ieN, an increasing subsequence of natural numbers {ri}j<=N, and an or- 
thonormal sequence of vectors w% G H, i G N, such that 

|| Q rt C( yi ) || > c (70) 

and 

WQrMv^MW < /° ra " ( 71 ) 

We shall prove our assertion by mathematical induction. Let us put y\ := x% 
and w\ := v . Let us suppose that k points yi, . . . , j/fc € X and fc orthonormal 
vectors Wi , . . . , Wk € H have already been chosen such that the conditions (|Tf)|> 
and (|71|l hold. We consider 2k functions <pi : X — > , ^,(a;) = m;, and £(C)ipi, 
(£(C)(fi)(x) = C(x)wi, i = 1, . . . , fc, as elements of .4-module Z 2 (-4) = [X, J?]. 
For any e > there exists a natural number N(e) such that for any natural 
number I > N(e) the inequality 

\\qi£(C) Vj \\ <e (72) 

holds for j = 1, . . . , fc. Let n TO > iV f ) anc ^ ^ : ~ s P an < w ii ■ ■ ■ , w k >■ 

Let u™ 1 = Uj™ + u™, Uj™ S -Hi, € (-Hi) ; be a representation of the vector v m 
in accordance with the decomposition H = Hi © (iJi)- 1 . We have 



Cl < \\(Qn m C(x m )) (v m )\\ = ||(Q„ m C(K rn )) K* +<)|| < 



Vfc2 fc + 3 



Kll + ll(Q« m C(a: m )) «)||. 



(73) 
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If we put yk+i '■— x m , Wk+i := n 2 m u , and r k +i := n m , then by (|73|l we obtain 

Ira II 

the inequality l|7UII for i = k + 1 : 



\\(Q rk+1 C(y k+1 )) (w k+1 )\\ > \\(Qn m C(x m ))(v?)\\ > c x 



gp 

2 k+3 



> c Q . (74) 



The inequality l|71l) for i = k + 1 follows from the inequality (|72[) : 



| (Qr fe+1 < ll?n ra f(C)Vil| 



< 



£0 



Let a = (ai, d2, ■ • •) € -ff, Si=i a « a i = 1- Let us estimate the norm of the 
element J2l= s a i ' (QnC(yi))(wi) e We have 



2jaj ■ (Q ri C(yi))(wi 



■ {Qr l C{yi)){w i ),^a l ■ (Q ri C(yi))(wi) j = 

t 

Y, {QnC{yi){wil Q ri C{ yi ){wi)) 



+2 J2 Re ( a * ■ {QnC(yi)){Wi), aj ■ («>*)) < 

s<i<j<t 

t 

2 — S 8<i<,j<t 

||f(C)|| 2 ^|a i | 2 + 2||f(C)||X E = 

Z — S 2= S J— 2+1 

1 t - s + 2 



||£(C)|| 2 Xhl 2 + 2||£(C7)|| £ o 



2-s+i 2 *+ 2 



,(75) 



and 



' (Qr,Cfet))(« 



i=l 



:^l« l | 2 -2 X Re(a i -(Q, 3 .C(y j ))K),a i -(Q r3 .C(y j ))K)) 

l<i<j<t 

t 



i=l 



> 



> 



4Y;\^\ 2 -W(c)\\ £ i 



>|- (76) 



Let us choose from the sequence {t/i}igN a subsequence {yi(i)} such that 
both closures of the subspaces W and C(W) spanned by the vectors {w;(i)}ieN 
and { Qr ; fi ) ( ?) ) ; (t) ) } j gN respectively, have infinite codimension. Due to 
the inequalities (|75|l and l|76(l the map 

S\ w ■ W -> C(W), S(u> /(i) ) = Qr, ( « ) C r (W(i))Hi)). 
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is bounded and bijectivc. Hence, by theorem III. 11 of |5] the map S\w is an 
isomorphism, and we can extend it to an invertible operator S : H — > H by 
choosing any isomorphism between orthogonal complements of the spaces W 
and C(W). 

Since X is a compact space then there exists a point xq G X such that for 
any open neighbourhood U Xa of the point xq there are infinitely many members 
of the subsequence {?//(;) }ieN lying in U Xo . For any open in /M-topology neigh- 
bourhood Ui _s,C(x ) °f tne operator C(x ), d G N, we denote by U% Q C X the 
open neighbourhood 



U. 



i[,-S,C(x ) 



of the point Xq G X. 

Let := j//(i d ) G f/£, ^ {z//(i)}ieN which exists by the choice of the point 
xq G X. Then there exists a sequence of invertible operators Gd G GL(H) such 
that 



1 



> 



G d (-S + Q riC4d) C7(%)) - (-S + Q^C^o)) 
(G d (-S + Qr l(id) C(z d j) - (-S + Q^Cixo))) (w m ) 

S + Q ri{id) C(x Q )j (w l{ld) 



> 



Hence, for sufficiently large d 



\\C(xo)(w l(id) )\\ > h\S(w lM )\\ > ^ 



(77) 



(78) 



2" v yd "" ~ 2 

But the inequality (|78|l contradicts the condition that C(xq) is a compact op- 
erator. | 

Corollary 4 The uniform topology is stronger than the I M -topology. 

Proof. Let X = {0} U LEil?} C R and .4 = C(X). We shall construct 

an ^-operator K G /C(/ 2 (-4)) such that the map V{K) : X -> K,{H) IM 
JC(H) S C B(H) S is not continuous in the uniform topology but by the theorem 
[SI is continuous in the /M-topology. 

Let us define continuous functions Lp i : X — > C, z G N, by the following rule 



7» =1 ' 



-)=0, for j^i, Vi (0) = 0. 



We define the ^-operator K : h{A) — > ^(-4) by the following formula 



*(0 = $>*6,o,o, 



(79) 



where £ = (£i,£ 2 , 

A' G /C(/ 2 (.A)) and hence the map V(K) : X 
is continuous in the IM-topology. 



is an element of the ^{JCj, £ i ■ 

IM id . 



JC{H) L 



- 1 . . . , oo. Then 
JC{H) S c B(H) S 
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By definition l|79|) of the .A-operator K we have 



T>(K)(0) = e B{H). 



But 



where G H, = 1, . 

2?(Jf) : X -» /C(iJ) 
topology. 



D(iO ( - 



> 



V{K) ( - ) (e,) 



1. 



. . , oo is the standard basis of i7 

JAf id 



That means that the map 
JC(H) S C B(H) S is not continuous in the uniform 



Now, let us discuss the representing space for K-thcory introduced in the 
paper 0. In this paper M. Atiyah and G. Segal have considered locally trivial 
bundles P — ► X whose fibers P x = P(H) arc the projective space of a sepa- 
rable infinite dimensional complex Hilbert space H and structural group is the 
projective unitary group VU(H) c o , with the compact-open topology. With the 
aim to define a twisted K-theory they need to replace fiber P x by a representing 
space for K-theory such that the structural group VIA (H)°'° acts continuously 
on it by conjugation (ibid. sect. 3, p. 12). It is well known (see pQ and 
that the space F(H) U of Fredholm operators in H with the uniform topology 
is a representing space for K-theory. Unfortunately, the unitary group U(H) c o 
(and "PW(-ff) co ), with the compact-open topology, does not act continuously on 
T(H) U by conjugation. To surmount this obstacle M. Atiyah and G. Segal have 
suggested (ibid.) to use as a representing space for K-thcory the following set 

Fred'(H) = {(A,B)eJ 7 (H)xJ r (H)\AB-Ie1C(H) and BA — Ie K(H)} 

with the topology induced by the embedding 

Fred'{H) ^ B(H) co x B(H) c o x K{H) U x JC{H) U 

(A, B) -► (A, B, AB -I,BA-I), 

where B(H) c o is the space of bounded operators in H, with the compact-open 
topology, and JC(H) U is the space of compact operators in H, with the uniform 
topology. Let X be a compact space. In this case, by Banach-Steinhaus theorem 
(see [0] Theorem III. 9) the continuous maps X — > B(H) are the same for the 
compact-open and for the strong operator topologies. Then any continuous map 
/ : X — > Fred'(H) of compact space X into Fred'(H) can be considered as a 
pair of continuous maps in the strong operator topology 



A f : X -► T(H) S 



(80) 



B f : X -► T{H) S (81) 

such that for any x £ X the operators A* (x)B^ (x) — I and B^ {x)A$ (x) — I arc 
compact and the maps 



A f B f - I : X -> JC{H) 1 



(82) 
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B 1 A f - I : X -> K(H) 



(83) 



are continuous in the uniform topology. 

Now, we can relax the conditions (|82[1 and (|83|) to strictly extend the set of 
admitted maps A? , in the following way. The maps 

A* B f - I : X -> K(H) IM , (84) 

B f A f - I : X JC{H) IM (85) 
are continuous in the /M-topology. Indeed, by the theorem [S] we have 

£(A f B f -I), £{B f A f -I) eJC{l 2 (A)), (86) 

By the theorems 0] and [5] the ,4-operators £{A*) and £{B*) are Fredholm A- 
operators. Due to the isomorphism l|60l) the maps 

A f : X^F{H) F , (87) 

B f : X -> ^(fr)^ (88) 

are continuous in the -F-topology. Hence, the class of continuous maps X — > 
J-(H) F is strictly wider than the class of continuous maps : X — > !F(H) S for 
which the conditions JHOJ), JED, (JHSJ hold. Moreover, it was shown in the 

paper 0j that the space T{H) F of Fredholm operators, with the F-topology, is a 
representing space for K-theory. Taking in account the theorem^! we conclude, 
that we can take the space F(H) F as a representing space for K-thcory in the 
construction of the twisted K-theory. 

Results of the sections 2,3 were obtained by A.S.Mishchenko and results of 
the section 4 were obtained by A.A.Irmatov. Research is partially supported 
by the grant of RFBR No 02-01-00574, the grant of the support for Scientific 
Schools No NSh-619. 2003.1, and the grant of the foundation "Russian Univer- 
sities" No UR.04.03.009. 
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